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Problem 1. Show that if kµ is a Killing vector and Mµν = ∇[µkν] then ∇µM
µν = 0 pro-

vided the background geometry satisfies Einstein’s equation in the vacuum.

Solution 1. . Since kν is a killing vector, then it satisfy

∇(µkν) =
1

2
(∇µkν +∇νkµ) = 0, ⇐⇒ ∇µkν = −∇νkµ.

While
Mµν = ∇[µkν] =

1

2
(∇µkν −∇νkµ) = ∇µkν ,

where the last term is the result of plugging the fact that kν is a killing vector, i.e.
−∇νkµ = ∇µkν . Now, the condition ∇µM

µν = 0 implies that

∇µ∇µkν = 0,

and this is our first result. The antisymmetricity in the last two indices says

∇µ∇µkν =
1

2
∇µ(∇µkν −∇νkµ).

Now, by definition with tortion-free,

[∇µ,∇ν ]V
λ = Rλ

ρµνV
ρ, or, ∇µ∇νV

λ = ∇ν∇µV
λ +Rλ

ρµνV
ρ,

Applying this relation to the equation we work at,

∇µ∇µkν =
1

2
(∇µ∇µkν −∇ν∇µk

µ −Rµ
ρµ

νkρ).

The right hand side is zero from our first result, the first term in the left hand side is
also zero by the same reason, the second term of the left hand side will also equal to
zero by Killing’s equation. Hence, the last term will be zero since all other terms are
zeros, and with using the contraction of the Riemannn tensor to have the Ricci tensor,
i.e. Rµ

ρµ
ν = Rρ

ν , then
Rρ

νkρ = 0.
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This equation tells us that our Ricci tensor is for flat spacetime, and hence it satisfies
Einstein’s equation in the absence of matter fields. In other words, the background
geometry satisfies Einstein’s equation in the vacuum. Mathematically speaking, for
general Killing vector kρ, then the final result implies that

Rρ
ν = 0,

and consequently R = Rρ
ρ = 0. Hence, for Einstein’s field equation, which is given by

Gµν = Rµν −
1

2
Rgµν = κTµν ,

then by substitution of the Ricci tensor and the curvature, we get

Tµν = 0,

and the Einstein’s field equation describes the background geometry in the vacuum,
i.e.

Gµν = 0,

and remember that all this because Mµν = ∇[µkν]. ■

Problem 2. Consider the covariant actions of a scalar field φ and Maxwell 1-form field
Aµ given by

Sscalar =

∫ √
−g

(
−1

2
∇µφ∇µφ− V (φ)

)
SMaxwell =

∫ √
−g

(
−1

4
FµνF

µν

)
,

with V any real function and Fµν = ∂µAν − ∂νAµ.

(a) Derive the equations of motion for φ and Aµ based on these actions.

(b) Derive an expression for the corresponding stress tensors T scalar
µν and TMaxwell

µν by
considering the variation of these actions with respect to the background metric.

(c) Check explicitly that ∇µT
µν = 0 in both cases by using the equations you derived

in the first question.

Solution 2. .
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(a) The Euler-Lagrange equation for the scalar field φ is given by

∂L0
scalar

∂φ
−∇µ

(
∂L0

scalar

∂(∇µφ)

)
= 0, where L0

scalar = −1

2
∇µφ∇µφ− V (φ).

then the equation of motion for the scalar field φ is given by

∇µ∇µφ− dV (φ)

dφ
= 0.

The same process for the field Aµ,

∂L0
Maxwell

∂Aσ

−∇ρ

(
∂L0

Maxwell

∂(∇ρAσ)

)
= 0, where L0

Maxwell = −1

4
FµνF

µν .

The first term of Euler-Lagrange equation for the field Aµ is automatically zero,
because the Lagrangian L0

Maxwell does not depend explicitly on it. Now, the sec-
ond part, we have a derivative with respect to the covariant derivative of Faraday
tensor. In going to curved spacetime, we would like to replace partial derivatives
according to the Equivalence Principle. This will not affect the value of the elec-
tromagnetic field tensor, i.e.

∇µAν −∇νAµ = ∂µAν − ∂νAµ + (Γλ
µν − Γλ

νµ)Aλ = ∂µAν − ∂νAµ = Fµν .

Hence,
∂L0

Maxwell

∂(∇ρAσ)
= −F ρσ,

and therefore, the equation of motion for the field Aµ is given by

∇ρF
ρσ = 0.

(b) The stress tensor for the scalar action with respect to the background metric is
given by

T scalar
µν =

−2√
−g

δSscalar

δgµν
,

where
δSscalar

δgµν
= −

√
−g

2
gµνL0

scalar +
√
−g

(
−1

2
∇µφ∇νφ

)
,

and therefore,
T scalar
µν = gµνL0

scalar +∇µφ∇νφ.

On the other hand, the stress tensor for the Maxwell action with respect to the
background metric is given by

TMaxwell
µν =

−2√
−g

δSMaxwell

δgµν
,

3



where
δSMaxwell

δgµν
= −

√
−g

2
gµνL0

Maxwell −
√
−g

4

(
FµλFν

λ + FλµF
λ
ν

)
,

and therefore, (not forgetting the antisymmetricity of Faraday tensor)

TMaxwell
µν = gµνL0

Maxwell + FµλFν
λ.

(c) Explicitly checking:

∇µT
µν
scalar =∇µ

(
gµνL0

scalar +∇µφ∇νφ
)

=∇ν

(
−1

2
∇µφ∇µφ− V (φ)

)
+∇µ (∇µφ∇νφ)

[∇µg
µν = 0 and gµν∇µ = ∇ν ]

=−∇µφ∇ν∇µφ−∇νV (φ) +∇µ∇µφ∇νφ+∇µφ∇ν∇µφ

=

(
∇µ∇µφ− dV (φ)

dφ

)
∇νφ

[
∇νV (φ) =

dV (φ)

dφ
∇νφ

]
=0 [EOM]

∇µT
µν
Maxwell =∇µ

(
gµνL0

Maxwell + F µ
λF

νλ
)

=∇ν

(
−1

4
FαβF

αβ

)
+∇µ

(
F µ

λF
νλ
)

=− 1

2
Fαβ∇νFαβ +∇µF

µ
λF

νλ + F µ
λ∇µF

νλ

=− 1

2
Fαβ∇νFαβ + Fµλ∇µF νλ [EOM]

=Fαβ∇αF νβ +
1

2
Fαβ∇νF βα [antisym. of Fαβ]

=
1

2
Fαβ

(
∇αF νβ −∇βF να +∇νF βα

)
=0 [Bianchi identity]
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