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Problem 1. Show that if £* is a Killing vector and M,,, = V|,k,; then V,M"" = 0 pro-
vided the background geometry satisfies Einstein’s equation in the vacuum.

Solution 1. Since %" is a killing vector, then it satisfy
1
Viuky = §(Vuky +V,k,) =0, = V,k, = =V, k,.

While .
My, = Viky) = §(Vukv - Vvku) = Vuky,

where the last term is the result of plugging the fact that £” is a killing vector, i.e.
-V, k, = V,k,. Now, the condition V,M*" = 0 implies that

V,.VFE" =0,
and this is our first result. The antisymmetricity in the last two indices says
v 1 v v
V. VEE = §v#(wk — VVEM).
Now, by definition with tortion-free,
V.V V=R,V o, V,VV=V,V,V}+ R,V
Applying this relation to the equation we work at,
1
V,.VFE" = é(V“V“k‘” - V'V, k= R*,VEP).

The right hand side is zero from our first result, the first term in the left hand side is
also zero by the same reason, the second term of the left hand side will also equal to
zero by Killing’s equation. Hence, the last term will be zero since all other terms are
zeros, and with using the contraction of the Riemannn tensor to have the Ricci tensor,
ie. R*,,” = R,”, then

R,k = 0.
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This equation tells us that our Ricci tensor is for flat spacetime, and hence it satisfies
Einstein’s equation in the absence of matter fields. In other words, the background
geometry satisfies Einstein’s equation in the vacuum. Mathematically speaking, for
general Killing vector £”, then the final result implies that

R, =0,
and consequently R = R,” = 0. Hence, for Einstein’s field equation, which is given by
G =R, — %ng = KT,
then by substitution of the Ricci tensor and the curvature, we get
Ty =0,

and the Einstein’s field equation describes the background geometry in the vacuum,
ie.
G =0,

and remember that all this because M, = V| k. u

Problem 2. Consider the covariant actions of a scalar field ¢ and Maxwell 1-form field
A, given by

1
Sscalar :/ vV —4g (_§VMS0VMQD - V(@))
1
SMaxwell :/ vV —g (_ZF;U/FMV> s

with V' any real function and F,,, = 9,4, — 0,A,.

(a) Derive the equations of motion for ¢ and A, based on these actions.

(b) Derive an expression for the corresponding stress tensors 75" and T),*""" by

pv

considering the variation of these actions with respect to the background metric.

(c) Check explicitly that V,T"” = 0 in both cases by using the equations you derived
in the first question.

Solution 2.



(a)

(b)

The Euler-Lagrange equation for the scalar field ¢ is given by

i

a‘cgca ar a[’gca ar 1
ar H (a(v ip)) - 07 where ﬁgcalar - _évuSOV”SO - V(@)
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then the equation of motion for the scalar field ¢ is given by

dV(p)
H _—— =
VvV, V¥ i 0.
The same process for the field A,
OLY el OLYaxwel 1
axwell axwe — h 0 —__F VFIW-
aAU vP <a(vaU)) 07 where ‘CMaxwell 4 o

The first term of Euler-Lagrange equation for the field A, is automatically zero,

0
Maxwell

because the Lagrangian £ does not depend explicitly on it. Now, the sec-
ond part, we have a derivative with respect to the covariant derivative of Faraday
tensor. In going to curved spacetime, we would like to replace partial derivatives
according to the Equivalence Principle. This will not affect the value of the elec-

tromagnetic field tensor, i.e.
VA, = VA, =0,A, —0,A,+ (T, =T )Ay = 0,4, — 0,4, = Fp,.

Hence,
oLy

Maxwell __ _Fpa

a(V,A,) ’

and therefore, the equation of motion for the field A, is given by

V,F =0.
The stress tensor for the scalar action with respect to the background metric is
given by
scalar __2 0 Sscalar
v b
where
5Sscalar - vV =g

1
—_— 0 —_— —_——
5gu/y - 2 gﬂl’ﬁscalar + V g ( QV,LL()OVI/()O) 5

and therefore,
T;;:/alar = gMV‘C(s)calar + VoV
On the other hand, the stress tensor for the Maxwell action with respect to the

background metric is given by

TMaxwell _ —2 5SMaxwell

v TRy age
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where
5SMaxwell o V —g V —g

0 —_— —
Sghv 9 Gy Lrtasewenl 1

(BB + By ),
and therefore, (not forgetting the antisymmetricity of Faraday tensor)

Maxwell __ 0 A
T, = G Lotaxwen T Fur by

(c) Explicitly checking:

Ve =V (6" Lo + VOV )

scalar scalar
1
=V (—§VWV“90 - V(s@)) + V. (VFeVYp)
V,9" =0and ¢V, = V"]
=—V"'oV"'V,0 — V'V (p) + V, V'V + VFeVV 0

AV (p) dV ()
= P — —=T2 ) V¥ VYV (p) = —HVY
(VN ° 0, ) V¥ [ () i, Ve
=0 [EOM]
VMTI\IjIVaxweH :vﬂ (guy‘cg/laxwell + FMAFV)\)
1
=V (—ZFQBFW) +V,, (FFF™)
1
=3 WV FP N PP FEY
1
=—3 WV FY 4 F VR A [EOM]
1
=F,sVF"P + §Faﬁquﬁa [antisym. of F*7]
1
25 B (VQFVB o VBFVQ + vVF,Ba)
=0 [Bianchi identity]



