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Problem 1. The tetrahedral group 7' is the group of orientation-preserving symmetries
of a regular (equilateral) tetrahedron. If the vertices of the tetrahedron are labeled
A,B,C,D, each of the orientation-preserving symmetries may be represented as an even
permutation of these four symbols. There are 12 of them.

¢ The identity /.

¢ Fight rotations about axes going through a vertex and the opposite face. There
are four vertices; each rotation can be by 120 degrees or 240 degrees:

- (BCD) and (BDC) are rotations of 120 degrees and 240 degrees resp. about
an axis through A and the centre of the face opposite to A

- (ADC') and (ACD) are rotations of 120 degrees and 240 degrees resp. about
an axis through B and the centre of the face opposite to B

- (ADB) and (ABD) are rotations of 120 degrees and 240 degrees resp. about
an axis through C and the centre of the face opposite to C

- (ACB) and (ABC) are rotations of 120 degrees and 240 degrees resp, about
an axis through D and the centre of the face opposite to D

We shall label the 120 degree rotations as Rj, . . ., R4, and the 240 degree rotations
as R?,..., R%. Note that all these permutations of vertices are even, i.e. they can

be written as the composition of an even number of transpositions. E.g. (ADC') =
(AD)(DC).

¢ Three rotations of 180 degrees about axes joining the midpoints of two opposite
edges: (AB)(CD), (AC)(BD) and (AD)(BC'). We shall label these as C5,,, C5, and
Css.

Given the multiplication table for 7" below,



o | I Cy Co Cp. R Ry Ry Ri R} R} R} R?
I | I Cy Cy Cy. R Ry Ry R, R} R R RZ
Coo|Cow I Ch Cy Ry Ry Ri Ry R} R R} R
Coy | Coy Co. I Cy Ry Ri Ry Ry R} R: R R
Cy. | Cy. Cy Coy I Ry Ry Ry R, R} R? R} R
Ri|R, Ry Ri Ry R} R} R} R} I (b Cop OCo
Ry | Ry Ry Ry Ry R} R} R} R} (o, I (o OCb
Ry |Ri{ Ry Ri Ry R: R R R Cy Co I Ch
Ry | R Ry Ry R, R} R} R} R? Cy Cy Cy I
R | R® R} R} R} I Cy Cy Cy R Ry R, Ry
R\ R R® R® R} Cy I Cy Cs Ri R Rs R
R2| R R R R: Cy Cy I Co. Ry Ry R R
R2| R2 R: R: R} Cy Csp Co. I Ry Ry Ry R

(a) What are the conjugacy classes of 77
(b) What are the subgroups of 7?
(c) What are the invariant subgroups of 7" and their right cosets?

(d) Consider the unique non trivial, proper invariant subgroup of 7" and call it K (it
should be on your list in part (c)). What is the index of K in T? Construct the
Cayley table for the quotient group (7'/ K, o). Do you recognise a familiar group?

(e) Construct a one-to-one mapping
9:T/K — My(R)
of the right cosets of K onto a set of 2 x 2 matrices with real entries. What is ker:)?

(f) Using the multiplication table of 7', explain why the non-invariant subgroup
S = {1, (5} of T cannot be used as the kernel of a mapping ¢ : T'/S — M>(R).

Solution 1.

(a) The conjugacy classes of T can be founded easily from Cayley table, which are the follow-
ing 4 classes:

CZ<T) = {{[}7 {02:27 CQyu CQZ}7 {Rla R27 R37 R4}7 {Ri R%? R%? Ri}}

(b) Let’s divide the subgroups of the tetrahedral group into classes according to their cardi-
nalities:



n = 1: we have 1 subgroup, the trivial group {I}.
n = 2: we have 3 subgroups: {1, Cy, }, {1, Coy},{I,Ca.}.
n = 3: we have 4 subgroups: {I, Ry, R3},{I, R, R3},{I, Rs, R3},{I, R4, R3}.

n = 4: we have 1 subgroup: {1, Cy,, Cs,, Cs,}

n = 6: we don’t have any subgroup.

® n=12: we have 1 subgroup, the trivial group T.
(c) The normal subgroups and their right cosets are:

* n =1: we have 1 normal subgroup, and the trivial group {1}, the right cosets are:
{I}t ={t},vteT.
* 1 =4: we have 1 normal subgroup: {1, Cay, Coy, Ca, }, and the right cosets are:
{1, Cou, Coy, Oz} { Ry, Ry, By, Ra}, {RY, B3, R, Ri}

* n =12: we have 1 normal subgroup, the trivial group T, and the cosets are itself.
The other cardinalities of subgroups do not have any invariant subgroup.

(d) The subgroup K = {I, Cs,, Csy, Cs.}, and therefore its index in T is |T'|/| K| = 12/4 =
3. The quotient group (T'/K, o) is

T/K = {{[7 CQI) C2ya CZZ}7 {Rla R27 R37 R4}7 {Rfa R%v Rga RZ}}
={E, R, R*},

and hence, the Cayley table of the quotient group (T'/K, o) is

o \ E R R?
E|E R R
R|R R E

R*| R E R

So, (T/K,o) ~ (Zs,®s3); the cyclic group {0, 1,2} with addition modulo 3 operation
(®3)!.

IThis is the notation of the addition modulo an integer number I took in my Abstract Algebra course
at my Undergraduate studies, i.e. the operation (€,,) is the addition modulo n.



(e) One can write the one to one mapping ¥ as

0 (T/K,0) — (My(R),)

1
01

_ [cos(2m/3) —sin(2m/3)\ [ —1/2 —/3/2
R = R(2r/3) = <sin(27r/3) cos(2m/3) ) B <\/§/2 ~1/2 )
)  [cos(47/3) —sin(4m/3)\ [ —1/2 +/3/2
B = R{dn/3) = <Sin(47r/3) cos(4m/3) ) B (—\/3/2 —1/2)

kerd = {E'}.

(f) If S = keryp, then it must be invariant under T'/S. Note that T'/S is not a group, but it
still form some algebraic structure, so we just need to deal with the problem in the point
of view of algebraic structures in general. However, the definition of T'/ S itself is unclear
in this case, because the left and right cosets are not equal. Anyway, lets start with con-
sidering that T'/S form the left cosets of S. An equivalent definition of the invariance, if
A€ T/S then Aokeryp = kerpo A, VA € T/S. Now, choose A := R30S = {Ry, Rs},
then, Ao S = A, but So A = AU{Ry, Ry} # Ao S. So S # keryp by contradiction with
the definition of the kernel. In terms of considering T'/S being the right cosets, just use
the same technique of the example in the left cosets, e.g. let B := So Rs, then, SoB = B,
but BoS = BU{Ry,Rs} # S o B. So S # kery again by contradiction with the defi-
nition of the kernel. Finally, if T'/S is the set of left and right cosets of the non-invariant
subgroup S, then one of the previous two cases is enough to prove that S # kerep.

Problem 2. Let (z1,y;) and (x2, y2) be the coordinates of two vectors which transform
independently under Dj; transformations as in Exercise 2.6 of the exercise sheet, i.e.

() =mv (). (2F) - mo (7)
Y1 hn Yo Y2

with m(g) = m®(g) a 2-dimensional representation of D3 where

Doy @ [cos(2m/3) —sin(27/3) D e (10
mW(r) = m®(r) = (sin(27r/3) cos(27/3) > : mW(d) =m®(d) = (0 _1> ,

Consider the function space V; spanned by the monomials {z;x3, 21y2, 2¥1, Y192 }. Show
that the representation of D3 on this 4-dimensional space is the direct product repre-
sentation mY) @ m®,



Solution 2. Lets treat the representation matrices m'Y) and m® as different to prove the direct
product relation for the representation of D3 on the 4-dimensional space, i.e. m) @m®). Firstly,
write a function f : R? & R* — R as the following,

f(v1,v9) = axyxa + br1ys + cyrza + dyrys.
This expression can also be written as

f(v1,v9) = UlTAUQ,

V1 = “ y A= a b 3 Vg = 2 .
1 c d Y2

The 2-dimensional representation of Ds acts on the carrier space as

where

mM(g) : Vo =V m®(g) : Vs = V5
v = v) = m(g)vy vy = vl = m? (g)vy
Hence,
F(v1,02) = (0})" vy = o (m(9))7 Am (g) v,
=A(g)
where
a(g) V(g
R CONIUAY
¢(g) d(g)
Let us calculate a'(g), . . ., d'(g) using the general matrices

in A'(g) = (mW(g))T Am® (g) and collect the resulting information in a 4-dimensional matrix
M(g). Withw' = (d/(g),...,d (9))T, we have

w' = M(g)w,
we will get M = m" @ m®. However, the representation mO" ~ m® gnd therefore, one
can write m®’ @ m® = M ~ N = m® @ m®@, with vectors w" = (a"(g), . .., d"(g))" s.t.
w’ = Mw

e.g. for a"(g),

1 2 1 2 1 2 1 2
a"(g) = mi (9)miY(g)a +m (9)mS) (9)b + mby) (9)mY (g)c + mby (9)m$) (),



and completing for the other coefficients, we get

miy (g)mi? (9) miy (9)mi(g) miy (9ymi?(g) miy (g)mi3 (9)
1 2 1 2 1 2 1 2
M(g) = | M @ma(9) mi(9mss'(g) mix (g)ms)(9) mba(9)mis (o)
- 1 2 1 2 1 2 1 2
my (9)mi1 (9) mly (9)m'3 () miy (9)mi)(g) myy (9)mi (9)
1 2 1 2 1 2 1 2
my (9)mi (9) mby (9)msy (9) miy (9)mi) () miy (9)mi (9)
—m® @ m®
Now, explicitly, if MV = m® =: m, using the 2-dimensional representations given in the
problem and the result obtained in the proof, then
1000 1 —V3 —v3 3
01 00 1 3 1 -3 —V3
() - B TR N il
0010 40v3 =3 1 -3
0001 3 V3 W3 o1
1 V3 V3 3 1 0 0 0
11 —v3 1 -3 3 0 -1 0
M (r?) = = V3 V3 , M) = :
41-v3 -3 1 V3 00 —10
3 —V3 -3 1 0 0 0 1
1 —v3 =3 3 1 V3 V3 3
1]1—-—v3 -1 3 3 1 3 -1 3 -3
W (rd) = ~ V3 ve ;WM () = v
41-v3 3 -1 3 41v3 3 -1 -3
3 V3 V3 1 3 =3 =3 1
Problem 3. Let a,b,c,d € {1,...,n}. Consider the n> matrices M,” with matrix ele-

ments given by

1
(Mab)cd = 5(105db - Eaabécd

(i) Calculate the trace of these matrices.
(ii)) What are their commutation relations, i.e. what is their Lie bracket [Mab, Mcd]?

(iii) Give the matrix form of all the M,"”s in the case where n = 2 and find which
(complex) simple Lie algebra they generate. Do they form a basis of that Lie
algebra?

(iv) Show that in the case n = 2, the differential operators 2jz — 2?1, L and 2L — j

where j € N and = € R provide another representation of the Lie algebra found
in part (iii).



Solution 3.

(i) The trace of the matrices M," is

n n 1 n 1
Te(M,") =) (M) = (mﬁ’ - —&f’m) =0 =) =6
k=1 k=1 n k=1 n
=0, — 0," =0

(ii) Lets first find the matrix multiplication M,"M,",

(Ma"M)i = (M) (M)

k=1
1 1
<5ai6kb - _5ab5ik’) (5ck5jd - _6cd5k’j)
n n

1 1
(5ai5kb5ck5jd — 5(5ab6ikéck5jd + 5ai5kb50d5kj) + ﬁéabéikécddlﬁj)

M-

k=1

Sl

k

1 1
Baid 0" — — (B0 + 6 Bet) 4 58,0001

1

with the same analogy,
1 1
(MAM)i5 = 6,40.%0," — 5(5Cd5ia5f +060;%6,%) + Ead@jag.
Then the commutation relation [M,", Mcd]ij is
[Maba Mcd]ij :<Machd)ij - (Mchab)ij
=00i0c 05" — 006270,
1 1
=34i0;%6." + - (6,90;; — 6,%057) 6. — 610,05, + - (67055 — 6.°6i5) 04"
1 1 1
= <5ai5jd — E(sadaij) 8" — (Mjb — Eécbai]) 0"+ — (300" — 0a"0.") Oy
(Mo")i56." — (Mc")i56,"
(Maddcb - Mcb(sad)ij>

and hence,
[Mab> Mcd] = Madécb - Mcbéad~

(iii) The matrices M,” for a,b € {1,2} are
1/2 1
A]\Jl1 = / ! ) M12 = , )
0 —1/2 00
—1/2
M21 = 0o ) M22 = / ’ ’
10 0 1/2



and they spanned the complex Lie algebra sl(2, C). Obuviously, they do not form a basis
because My"' and My* are linearly dependent. However, if we introduce the diagonal

matrix My i.e.
1 0
{H —= {M 1 — (\/j 2 —= s
d 1 2 (0 _1>

then the set B = { My, M\, My} will form a basis for the complex Lie algebra sl(2, C).

(iv) Using the commutation brackets,

d d
(i) ) -

B ) (2 )2

d+d2_,d B d2_.d f
dx xde ]d:v deZ ‘]dx



So we can build a relation between these two representations as:

d
2 (x——j) — My
dx

and they are different representations of the basis of the complex Lie algebra s((2, C).



