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Homework

1 ¢* Theory

Write down the momentum space Feynman rules for the theory with action:
1 1 A
(61 = [ s (5@,0)0"0) - jue? - §0t). )

where ¢ is a real scalar field. Use these rules to write down the connected part of the
scattering amplitude iM to order A for two incoming particles with momenta p} and p}
and two outgoing particles with momenta pf, and pl,.

Solution

Feynman Rules

1. Propagator (Internal Line):

_— = 2
p? —m? +ie (2)
2. Interaction Vertex:
p3
Y41
= —i\ (3)
yz:
P2
3. Insertion (External Line/Leg):
Does not contribute.
4. External Point (External Vertex):
Z D —ipx.

- <« =¢



5. Energy-Momentum Conservation at each Vertex:

(2m)16™ (Sp; — Spy).

[

6. Integration over all Momenta:

7. Symmetry Factor:
Divide by a symmetry factor.

Contributed Connected Feynman Diagrams up to Order A
Using Feynman rules,

b1 b1

= —z'>\(27r)45(4) (p1+p2 — p1r — p2r),

b2 D2/

and hence,
IM = —1i.



2 0+ 0 dimensional quantum field theory

Consider the one-dimensional integral

Z[N = /d:z: exp <—;x2 - i\!x‘l) = Z[0]exp(W[A]), (9)

which can be thought of as the partition function of an interacting quantum field theory in
0+ 0 dimensions (i.e. with neither space nor time - there is only a single degree of freedom

(a) Consider performing a perturbative expansion of this partition function in powers
of A\. This expansion can be organized in terms of Feynman diagrams. Write down
the Feynman rules for this theory (i.e. what are the propagator and the interaction

vertex?)

(b) Draw the Feynman diagrams contributing up to order A\* to W[\], which you recall
from lecture to be the sum of connected diagrams. Being careful about factors (unlike
in normal QFT, there is no other information!) evaluate the diagrams using the

Feynman rules found previously.

(¢) Use this to write down an expression for the ratio Z[\]/Z[0] up to order \2. Evaluate
this approximate expression at A = 0.1 and compare it to the exact ratio, which I
have computed numerically to be 0.988306 or so.

Solution

(a) Firstly, we need to be careful for the meaning of each parameter. We do not have any
space or time variables. Now, x is just a parameter and X is our perturbation factor.
Our action for this theory is given by

Lo Ay
and the generating function is just
2 = /dxexp(—S[x;A}). (11)

Now, we do not have an z-semi-momentum term for this theory and the mass is
m ~ 1. Hence, the propagator and the vertex in this theory are given by

Propagator : P=———— =1, (12)

Vertex : V= =-\ (13)



(b) Now, Let’s find our diagrams (vacuum bubbles):
o)
The first order (O(A)) has one diagrams

1 A
~— v D2
symm. fac.
O(A\?)

The second order (O(\?)) has three diagrams

2

1.2 VT

_ Ll e X (17)
S (23)2.2 o128

Hence, our generating function can be expanded as

ZIN =20 |1+ 8 + @ + @ + +00\) |. (18)

Comment: Note that we have to take into account the connected and disconnected
diagrams, because they both contribute in the generating function Z[A]. The sum over
only the connected diagrams for low orders in \ is asymptotic, not exact'. However,
in the next part, we will see that calculating Z[\] as a sum of connected diagrams,

T mean by exact, the exact contribution of that order without any cancellation due to the infinite
expansion.



i.e.

ZIN =2z |1+ 8 + @ + @ +0\3) |, (19)

is more precise than the summing of all connected and disconnected diagrams.

The ratio Z[\]/Z]0] is given by
Z[N/Z[0] = <1 - g + (116 - 4—18 + 128) A4 O(A3)> (20)

and hence,

0.1 1 1 1
16 48 ' 128

Z[0.1)/Z[0] ~ (1 -5+ + =+ > (0.1)2> = 0.9884114583. (21)

The exact value can be obtained be evaluating the integral

ZN/Z[0] = /dmexp (_ ;;ﬂ) - = / dz exp (—;:c —2:[:4) (22)

However, there is an easier way to do that. The expression of Z[\] need to be modified,
i.e. we have to add a new parameter, say j, s.t. if we take the functional derivatives
of Z with respect to j in the form of the perturbative part, then it have to give us
Z[\] at 7 = 0. Hence, our new generating function is given by

Z[A gl = /da:exp <—;x2 i\'x —I—jx> , (23)
s.t.
Z[N = Z[X;0]. (24)

We can now write the generating functional as

2] _exp< i‘ <> )/da:exp (—;x +Jx> (25)

Completing the square of the exponentiated part give us

ZIA 5] = exp ( i' <;>4) exp (i) /dx exp (—;(m —j)2> . (26)

Integrating over x of the Gaussian function leads to

Z[x;g] = \ﬁexp< i\, <;>4> exp (‘722>, (27)



or

ZI%:4] = Z[0] exp (—j, (é)) xp (32) , (28)

where (by evaluating the Gaussian integral)

Now, using Equation (28),

, Ao\ 2
ZIN/Z[0) = ZIN 4/ Z 0o =exp [ 5 (=) Jesp ()] . ©0)
AN 2/ liz0
Expand the exponentiated functional derivative and the exponential in j,
iz =3 (A () s L (1Y 1)
T=Te+n \4) \5j) Z=Tw+n\2) 7 |
Apply the functional derivative,
S| AN 1 1\* ID@k+1)
Z|\/Z|0] = _ | —— [ s \ev T r) 2k—4n )
NI/Z10] ;F(n—i—l)( 4!> kZ:OF(IH—l) <2> T(2k —4n + 1)’ o
(32)

Evaluate at j = 0, then the only survival term of the summation over k is when
k= 2n,

o0

(—=1)"T(4n + 1)

27210 = nzo (4)n22nT(n + 1)T(2n + 1)

A, (33)

If you replace the infinity over the summation by N, then you can calculate the ratio
Z[\]/Z]0] approximately up to order N,

N
_ (-1)"T'(4n+1) n
ZN/Z 0o = T; (A2 (n + T (2n+1)" (34)

If you substitute N = 2, then you will get the same result as I computed previously.
However, the sum over only the connected diagrams is

0.1 1 1

asymptotic __ YUt o - 2\ _ b}
2(0.1)/2[0] [ = (1 =+ (16 + 48> (0.1) > = 0.9883, (35)

for counting both connected and disconnected diagrams up to order A2 is

2

exact __ (—1)"I‘(4n + 1) no__ by
ZIN/ 210153, = HZ:O A5 T + T @n 77 A" = 0.9884114583,  (36)

and the exact value for all terms is

N
L (—1)"T'(4n + 1)
Z[0.1]/Z[0]|oa) = ngnoo; (4227 (n 4+ )T (2n + 1)

A" =0.988306.  (37)



Hence,
ZIN/Z (013 2 Z[0.1)/Z[0][g0s)" " Z Z10.1]/Z[0]|opee)- (38)

Comment: It is interesting that the asymptotic approximation (the sum over the
connected diagrams only) is closer than the exact value (the sum over the connected
and disconnected diagrams) of that order contribution to the exact value of the func-
tional W[A] to order infinity. Is it weird that the asymptotic value being better that
the exact value? No; because the meaning of asymptotic and exact is for the order by
order contribution, not which of them is closer to the exact value at infinity (which
is the same as the asymptotic value at infinity).



3 SO(N) Symmetry

In this problem we will study a theory of N self-interacting scalar fields ¢*, i € {1,..., N}

with an SO(NN) symmetry. Consider the action

) = [t (002 - V(e ) (39)

where (¢')% = ¢'¢’ (i.e. the magnitude-squared of the N-component vector ¢*), and where

(a)

. m2 . .
V(g) = (@) + 2 (0 (40)

First, consider the theory with m? > 0. Write down the Feynman rules for this theory.
In particular, show that there is one type of vertex, and that it is as shown in Figure
1 (i.e. the vertex is —2i)\ between e.g. two ¢'’s and two ¢?’s, but is —6i\ between
four ¢'’s.)

= —2i\(67 M + 5" §7% 4 5R o7t

i J

Figure 1. Vertex in SO(N)-invariant theory when m? > 0.

Now consider the theory with m? < 0, i.e. we write m? = —u?, where > > 0. Now
the point in the potential V with ¢’ = 0 is a local maximum rather than a minimum,
and thus the equilibrium value of ¢’ will now have a nonzero value that minimizes the
potential. By an SO(N) rotation we can choose this nonzero value to point in the
i = N direction: thus we single out the i = N component of ¢’ and write the theory
in terms of new fields ¢ and 7':

N (x) = v+o(), (41)
¢'(z) = 7'(z), ie{l,...,N —1}, (42)

where v is a constant that is picked to minimize V. What is the value of v7 What
are the masses of the 7* and o fields?

Work out the self interactions of the o and 7 fields and write down the Feynman rules
(i.e. the new propagators and vertices) in terms of these fields. Calculate (to order \)
the connected part of the matrix element i M for the scattering of 7'7! — 7272, where
the incoming particles have momenta pq, k1 and the outgoing particles have momenta

D2, ko. Express all your answers in terms of the parameters in the Lagrangian p and
A



Solution

(a) The interaction term is given by

A
ﬁint - _Z

((¢")%)?. (43)
This term can be expanded as

A

Eint = _Z

sWaMplel ke, (44)
or expanding over the total symmetric tensor,

Al . L
Eint — _Zg(émékl +6zl5]k +5zk6]l)¢z¢7¢k¢l7 (45)
where 6% is just a Kronecker delta?. The second thing we have to take into account
is the symmetry multiplier. According to combinatorics science, the vertex has four
identical legs, and consequently it has 4! way of rearranging the legs, which has to be
multiplied to the vertex value. Hence, (don’t forget the imaginary number i outside

the integral in the generating function) the vertex is given by

k l
= — 2%\ M 4 gilgik 4 5ik iy, (46)

i J

The fields in this theory have a kinetic and mass terms, hence the propagator is given
by
0%

:pz—mz—l-ie'

i J (47)
The other Feynman rules are the same as the ones mentioned in the first problem.
The vertex connect two similar fields to other two similar fields, we cannot have other
than this combination of fields. Thus, if we have two similar fields, then the vertex
amplitude is —2i\, while if we have four similar vertices, then the vertex amplitude
is —6iA.

(b) To explain what is happening here, let’s do some graphing and plot the potential
V(¢') vs the norm of the vector field ||¢||. It is easy to draw this graph by hand,
but however, I will use Wolfram Mathematica to do so. Write the following code on
Wolfram Mathematica kernel,

2If ¢° was a Lorentz vector, then we have to use the metric tensor —g"" instead of Kronecher delta 6“7,
taking into account the upper and lower indices.



n-1- Plot[{4X"2 +Xx"4, -4X"2+Xx 4}, {X, -5, 5},
AxesLabel -» {Norm[p~1i], V[¢~i]}, PlotRange -» 5, PlotLegends -» {m"2, u"2}]
V(@)

m?2

e e v b N 2
- - : ! . T —

Out[« J=

-2+

4

As we see, the plot? in the case of positive mass term +m?, we have on local minimum
without any local maxima. On the other hand, if we have a negative mass term —pu?,
then we will have a nonzero “surface” local minimum* while at zero there will be a
“point” local maximum. Now, by an SO(N) rotation we can choose this nonzero value
(the value of ||¢?||) to point in the i = N (the last component) direction: thus we
single out the i = N component of ¢ and write the theory in terms of new fields o
and 7' as given in the problem. Then v must be picked to minimise V. To do that, we
have to find the surface local minimum, using the usual technique of minimisation and
maximisation®, take the derivative of the potential with respect to (¢°)? and equal
the answer to zero, i.e.

Z_\r/ Y iy v Aot 1 4
(Ger), =70+ 376 =0 e
and hence, the surface local minimum at
, 2
(@0 =5 (49)
Thus, this value is picked to be our v?,
v= -t (50)

VA

If we replaced the mass +m? by the mass —pu?, then Lagrangian in this case is given
by

L= 206 + (6~ () 651)

3Don’t care about the fact that ||¢’|| must be positive because all we need from this plot is to show that
the minimum is not at zero, while we have a maximum there.

*A “surface” local minimum means, if dim(¢*) = D, then the “surface” local minimum will be in D — 1
dimensional space, specifically SP?~1, (D — 1)-sphere, this is because of the symmetricity of the potential.

SThere is another method to find the minimum value, which can be accomplished by completing the
square of the potential function. The constant value which minimise the potential is given to be v in
this theory (i.e. we will have the form A((¢%)? — v?)?/4 — constant, then v? is picked to equal (¢")3 at the
minimum value).

10



Plug our new fields in the Lagrangian, then

I 1 2 A
L= 5(677#)2 + 5(80)2 + %((#)2 + (v+0)?) — Z((7#)2 + (v+0))>% (52)
Expand everything in the Lagrangian,
1 2, 1 o M o M o 2 7o,
£—2(87r) —|—2(80) + 5 (m")* + e + pvo + 50
A , . , A
- Z(((Trz)2)2 +20%(7")? + dvo (14)? + 20% (7?)?

+ (02)? 4 4vo® + 60202 + 4030 4 vh). (53)

Combine the similar terms as next

1 . 1 2 ) 2 2

L 25(8#)2 + 5(80)2 + %(WZ)Q + %O’Z + pPvo + %vz
A
4

— Z(((7)*)? 4 20%(7")* + dvo(7')? + 20%(")?
+ (02)2 + 4vo® + 60202 + 4o + 'U/i)» (54)

other terms are singlets. Substitute the value of v and combine the terms,

PN 2 22 pt
5—2(877) —1—2(80) prot+
PP + 20 + 4o () + (072 + 4vo). (55)

From this Lagrangian, one can deduce that the field o is massive, while the fields 7

are massless

Mg = \/§M7 (56)
my =0, ie{l,...,N—1}, (57)

and this is because there is no mass term in the form constant x mass x (field)? in
the Lagrangian for the fields 7%, while there is one for the field o.

(c) The Lagrangian parts are given by

Lain = %(W)Q + %(50)2 (58)

Emass = _M20'2 (59)
4

Econst == MZ (60)

Lint = —2(((7ri)2)2 + (02)2 + 202(7r")2 + 4va(7ri)2 + 41}03) (61)

Now, the first two terms of the interaction term are total self-interaction terms and
can be treated as perturbations for small A\. The third field is a mixed-interaction
term and can be treated as perturbations for small A. On the other hand, we cannot

11



be sure that the last two terms are perturbations or not because they depend on
the mass of the o field, so if it is a super-massive field, the terms will no longer be
perturbations. Hence, we have 5 terms in our interaction theory, and hence we have
5 types of vertices:

k i

((rh)%)? - = —2iA(690" + 6" 4 567 (62)
- !

CORE >'< - (63)

o?(n')? = —2iA6Y (64)
1

o(x)?: = —2ipV/ A0V (65)
j/

o 4 = —6ipV/A (66)

12



We also have two different propagators for this theory,

Y ' oY (67)
T ™ =
! J p? + ie
i
e ~ i (68)

wlnl — 7272 Scattering

Now, we will use the new Feynman rules to write the matrix element ¢M to the
first order in X for the scattering m'm! — w272, where the incoming particles have
momenta pi, k; and the outgoing particles have momenta ps, k. In the first order in
A, we only have the four-legs vertices, and specifically the ((7%)%)? vertex, all other

interaction terms vanish in the first order perturbation. Hence,

IMpi 22 =

(69)

Remember that we used

(0M16%2 + 612612 4 6126'%) = 1. (70)

;E( Finished S .,
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