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Homework

1 Higgs Decay

1. Compute the Feynman rules for the coupling of the physical Higgs boson to pairs of

W+W− and Z0Z0 bosons.

2. Compute the Feynman rules for the coupling of the physical Higgs boson to fermion-

antifermion pairs.

3. Calculate the decay rate for the Higgs boson intoW+W−, Z0Z0 and fermion-antifermion

pairs.

Solution

1. The gauge kinetic term of Higgs is given by

L ⊃ LHiggs-kin. = (DµH)†(DµH), (1)

where

Dµ = ∂µ − i
g′

2
Bµ − i

g

2
W a

µσ
a, (2)

in the fundamental representation, and

H =
1√
2

(
0

v + h

)
. (3)

The covariant derivative of the �eld H is

DµH =
1√
2

(
−ig2(W

1
µ − iW 2

µ)(v + h)

∂µh+ i
2(gW

3
µ − g′Bµ)(v + h)

)
. (4)

Hence,

LHiggs-kin. =
1

2
(∂µh)(∂

µh) +
1

8
g2(v + h)2W+

µ W−µ +
1

8

√
g2 + g′2(v + h)2Z0

µZ
0µ, (5)

where

W±
µ =

W 1
µ ∓ iW 2

µ√
2

and Z0
µ =

gW 3
µ − g′Bµ√
g2 + g′2

. (6)

1



We have 4 types of interactions between the weak bosons and Higgs boson,

hW+W− : h

W−
ν

W+
µ

= 2i
m2

W

v
gµν (7)

hhW+W− :

h

h

W−
ν

W+
µ

= 2i
m2

W

v2
gµν (8)

hZ0Z0 : h

Z0
ν

Z0
µ

= 2i
m2

Z

v
gµν (9)

hhZ0Z0 :

h

h

Z0
ν

Z0
µ

= 2i
m2

Z

v2
gµν (10)

where

mW =
vg

2
and mZ =

v
√

g2 + g′2

2
. (11)

This can be easily seen from expanding LHiggs-kin..

2. The �eld H is SU(2)L doublet. For gauge-invariance, it must couple with one SU(2)L
doublet fermion and one SU(2)L singlet fermion. Hence,

LY ukawa ⊃ −yf f̄RHFL − yf F̄LHfR, (12)
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where yf is a dimensionless constant. This is a generalised form to choose the fermions

(leptons and quarks). Simplify the Lagrangian by multiplying the �elds, then

LY ukawa ⊃ −
yfv√
2
f̄f −

yf√
2
hf̄f, (13)

with a mass

mf =
yfv√
2
. (14)

Hence, the interaction term between Higgs boson and fermion-antifermion pairs is

hf̄f : h

f̄

f

= −i
mf

v
(15)

3. The di�erential decaying rate formula is given by from Peskin & Schroeder textbook

is given by

dΓ =
1

2mA

∏
f

d3pf
(2π)3

 |M(mA → {pf})|2 (2π)4δ(4) (pA − Σpf ) . (16)

The problem asks to calculate the decay rate for the Higgs boson into W+W−, Z0Z0

and fermion-antifermion pairs. We have three decays:

h → W+W−

The �rst order matrix element is

iMhWW = h

W−
ν

W+
µ

= ϵ∗µ(p, r1)

(
2i
m2

W

v
gµν
)
ϵν(k, r2), (17)

so ∑
spin

|M|2hWW =

(
2m2

W

v

)2(
−gµν +

pµpν

m2
W

)(
−gµν +

kµkν
m2

W

)
, (18)

and hence, ∑
spin

|M|2hWW =

(
2m2

W

v

)2(
2 +

(p · k)2

m4
W

)
. (19)
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From the face that

m2
h = (p+ k)2 ⇒ p · k =

1

2
(m2

h − 2m2
W ), (20)

then ∑
spin

|M|2hWW =

(
m2

h

v

)2(
1− 4

m2
W

m2
h

+ 12
m4

W

m4
h

)
. (21)

Now, the decay rate is given by1

ΓhWW =
(2π)4

2mh

∑
spin

|M|2hWW

∫ ( d3p

(2π)3(2Ep)

d3k

(2π)3(2Ek)

)
δ(4) (mh − p− k) .

(22)

Since we are in the rest frame of h, then the 4-dimensional delta function can be

written as

δ(4)(mh − p− k) = δ(mh − Ep − Ek)δ
(3)(−p− k), (23)

Hence, integrate over the 3-dimensional delta function,

ΓhWW =
1

2mh(2π)2

∑
spin

|M|2hWW

∫ δ(mh − 2Ep)

(
d3p

4E2
p

)
. (24)

Convert to the spherical coordinates and then change the integration variable to the

energy, then

ΓhWW =
1

2mh(4π)

∑
spin

|M|2hWW

∫ δ(mh − 2Ep)

(
|p|dEp

Ep

)
, (25)

and evaluate over the delta function,

ΓhWW =
|p|

8πm2
h

∑
spin

|M|2hWW

 . (26)

One can calculate the momentum as follows:

1

2
mh = Ep =

√
|p|2 +m2

W ⇒ |p| = mh

2

√
1−

(
2mW

mh

)2

. (27)

Finally, substituting this result gives

ΓhWW =
1

16π

m3
h

v2

√
1−

4m2
W

m2
h

(
1−

4m2
W

m2
h

+ 12
m4

W

m4
h

)
. (28)

1Use the rest frame of the �eld h.
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h → Z0Z0

The �rst order matrix element is

iMhZZ = h

Z0
ν

Z0
µ

= ϵ∗µ(p, r1)

(
2i
m2

Z

v
gµν
)
ϵν(k, r2), (29)

Now, this case has the same steps as the decaying from Higgs boson to the W-weak-

boson. However, since the products are identical, then we have to multiply the answer

by a factor 1/2. Hence,

ΓhZZ =
1

32π

m3
h

v2

√
1−

4m2
Z

m2
h

(
1−

4m2
Z

m2
h

+ 12
m4

Z

m4
h

)
. (30)

h → f̄f

The �rst order matrix element is

iMhf̄f = h

f̄

f

= ūf (k1, s1)
(
−i

mf

v

)
vf̄ (k2, s2). (31)

so

|M|2hf̄f =
(mf

v

)2
(ū1v2)(v̄2u1). (32)

Sum over s1 and s2, and the colors (if existed),2∑
color

∑
spin

|M|2hf̄f = nc

(mf

v

)2
Tr[(/k2−mf )(/k1−mf )] = 4nc

(mf

v

)2
(k1 ·k2−m2

f ), (33)

where nc is the color factor, i.e.

nc =

{
1, for liptons,

3, for quarks.
(34)

Using the rest frame of the �eld h,

mh = (k1 + k2)
2 = k21 + k22 + 2k1 · k2 = 2m2

f + 2k1 · k2, (35)

2The trace of an odd number of gamma matrices vanishes.
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which implies

k1 · k2 −m2
f =

m2
h

2
− 2m2. (36)

Thus ∑
color

∑
spin

|M|2hf̄f = 2nc

(mfmh

v

)2(
1−

(
2mf

mh

)2
)
. (37)

The two-particle di�erential decay for two �nal states with the same masses is given

by

dΓ =
|M|2

64π2mA

√
1−

4m2
f

m2
A
dϕd(cos θ). (38)

Hence,

dΓhf̄f = nc
mh

32π2

(mf

v

)2(
1−

(
2mf

mh

)2
)3/2

dϕd(cos θ). (39)

Integrate both sides,

Γhf̄f = nc
mh

8π

(mf

v

)2(
1−

(
2mf

mh

)2
)3/2

. (40)

Finished
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